A consistent analysis of linear spectroscopy for arrays of dipole-coupled two-level molecules reveals distinct signatures of weak and strong coupling regimes separated by a critical point. Multiple molecular excitations (odd(even) in weak(strong) coupling) are accessed from the ground state. As the coupling increases, the single excitation oscillator strength rapidly exceeds the Heitler-London value and diverges at the critical point, returning to a quadratic size scaling in strong coupling, where also the photon frequency decreases with size. The lowest accessible excitation is found to show a one-photon hyperradiance.
. With a few exceptions limited to relatively weak coupling [4] [5] [6] , studies of excitonic energy transfer and spectroscopy of dipolar molecular aggregates tend to omit the double excitation and deexcitation terms, P † m P † m+1
and P m P m+1 , in Eq. (1) . This "Heitler-London" (HL) approximation reproduces experimental absorption spectra reasonably well for |b| ε. However, KMM [3] showed that it is inconsistent to neglect these terms and that they result in collective effects that lead to changes in the structure of the ground and excited eigenstates of Eq. (1) . This motivates us to revisit Eq. (1) with new emphasis on its spectroscopic implications and with particular focus on the hitherto unexplored consequences of the many-body nature of the Hamiltonian eigenstates for spectroscopy in the regime of strong coupling, B = 2 |b| /ε > 1, where B is the scaled coupling. We show that a consistent analysis gives rise to unique spectroscopic signatures that are forbidden in the HL approximation and that become dominant as B increases.
Since the eigenstates of Eq. (1) are critical for our spectroscopic analysis, we first summarize the key features of the analytic diagonalization by KMM [3] . The first step is a Jordan-Wigner transformation of {P m }:
The operators f m , f † m have latticefermionic anti-commutation relations, so Eq. (1) becomes a quadratic form in fermions, except for the boundary term, which gives the expected form in fermions, but multiplied by −Q M . Since [H, Q M ] = 0, the Hamiltonian can be decomposed into two quadratic forms, H + and H − , by projection onto orthogonal subspaces: H = Q + H + + Q − H − , where Q ± = (1 ± Q M ) /2. H + and H − are then diagonalized separately, after applying a discrete Fourier transformation:
The allowed values of the wavenumber k are denoted α = 2π (m − 1) /M for H − and β = π (2m
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where the summation is over all allowed k values [3] . All eigenstates of Eq. (1) are then given by the eigenstates of H + produced by applying an even number of G † (β) operators to |Φ + , together with the eigenstates of H − produced by applying an odd (B < 1) or even (B > 1) number of G † (α) operators to |Φ − [7] . The ground state of H is always |Φ + .
A key insight of KMM was to suggest that for B > 1 the ground state of the Hamiltonian, Eq. (1), exhibits either ferroelectric or anti-ferroelectric polarization. Given the mapping to H spin [8] , we expect that this ordered state is stable against quantum fluctuations and that this regime is separated by a quantum critical point at B = 1 from a disordered regime with no intrinsic polarization at weak couplings. From now on we will restrict our attention to the case b < 0 [9] .
Consider the interaction of such an array with light, in the electric dipole approximation. Since the dipole excitation operator σ x m = P † m + P m anti-commutes with parity, some immediate predictions about the linear spectra of the chromophore assemblies studied can be made. First, the ground state is coupled to all states of opposite parity, while in the HL approximation the only allowed transitions are to single-excitation states [4, 5] . Second, for B > 1 it can be seen by the residue theorem that the lowest energy excitation is
2 )/2B, which goes to zero for all B values as M → ∞. Provided the matrix element for this transition is non-zero, photon absorption at arbitrarily low frequencies is expected for an array of strongly coupled chromophores. This is in stark contrast to the HL description that predicts an incorrect energy spectrum and no allowed low-energy transition for B > 1.
We now describe the calculation of transition matrix elements in this strong coupling regime. Without loss of generality, we restrict our attention to
|Φ + , since all allowed excitations may be generated from σ 
In the strong coupling regime, the Hamiltonian ground state, |Φ + , has even parity and the ground state of H − , |Φ − , has odd parity. Consequently, the allowed optical transitions from |Φ + are to |Φ − and to states with an even number of excitations generated from the latter state, with corresponding transition dipole moments
Using an extension of Wick's theorem [10] , these matrix elements can be shown to satisfy
is defined above and ∆ 1j denotes removing the operators G (α 1 ) and G (α j ) from the matrix element that follows it. Eq. (3) can be solved analytically for M → ∞ using the methods of [11] and numerically for finite systems as follows. Setting n = 1 in Eq. (3) and dividing both sides by
which can be grouped into M sets (indexed by α 2 ) with M linear equations (indexed by β) in each set. Each set is equivalent to a matrix equation for a column of the matrix
, that can be solved by gaussian elimination using an LU factorization [12] . The denominator Φ − | σ
where I is the identity and X is an M × M real matrix linearly related to K [7] . Solution of Eqs. (4) and (5) completely defines the matrix ele- The matrix elements Φ − |G (α 2n+1 ) . . . G (α 1 ) σ x 1 | Φ + in the weak coupling regime, B < 1, can be calculated using a similar procedure or, alternatively, obtained directly from the matrix elements in the strong coupling regime using a duality transformation [7] .
This approach now allows a consistent calculation of the linear spectra of dipole-coupled molecular arrays for any coupling strength B. We first consider the total oscillator strength χ i for transitions from the ground state to the lowest excitation manifold, i. In the weak coupling regime, the lowest energy dipole-allowed transitions are from |Φ + to one-excitation states and we have
. In the strong coupling regime, the lowest energy transition is from |Φ + to |Φ − and we have
. These expressions can be simplified using the translational symmetry of Eq. (1) and explicitly evaluated using the matrix elements for finite M derived above. The results are shown by black squares in Figure 1 . Solutions for M −→ ∞ may be obtained using the analytic methods of Ref. [10] ,
. These solutions reveal the size scalings χ 1 ∝ M , χ 0 ∝ M 2 and are plotted as red lines in Figure 1 . We find excellent agreement with the finite-size values for M = 200 everywhere except very close to the critical point B = 1 [7] , where in the infinite size limit χ 1 diverges and χ 0 goes to 0.
Our analysis shows that only the lowest excited state, α = 0, contributes to the oscillator strength χ 1 , while χ 0 is determined by the single transition from |Φ + to |Φ − . The lowest excited state possesses a one-photon superradiance [14] scaling as M for B < 1 (including the HL limit [15]) and as M 2 for B > 1. Furthermore, the superradiance of this state is also strongly dependent on B, rapidly increasing above the HL value as B increases and diverging as the critical point is approached from below. In the strong coupling regime M −2 χ 0 is asymptotic to 1 as B → ∞, implying that here the excited state |Φ − is superradiant with a rate ∝ M 2 equal to the maximum possible for non-interacting systems [16] and hence it constitutes a one-photon hyperradiant state [17] . We note that this superradiance derives from the dipolar interactions within the array rather than from interaction with the radiation field. The manifestation of superradiance that is M 2 -dependent in the strong coupling regime and divergent at the critical point is quite remarkable, given that in both situations it is associated with a single excitation. Both critically and strongly coupled arrays would therefore display extremely fast and high intensity photon emission.
We already specified that in the limit M → ∞,
Asymptotically for large M , we see that there is a length scale (1 − B) −1 , which diverges at the quantum critical point. In contrast, for the HL model, we have C(m) = δ mn . Thus not only does HL underestimate the oscillator strength and hence superradiance for B < 1, it also shows no divergence at the critical point (see inset in Figure 1a ). HL is furthermore inapplicable in the strong coupling regime, where it gives an incorrect energy spectrum.
The second unusual aspect of linear spectroscopy with the KMM eigenstates is the presence of finite oscillator strengths to manifolds of states with multiple excitations. As explained above and also noted in earlier work focused exclusively on the weak coupling regime [5, 6] , such excitations are not allowed in the HL description and are a signature of the double excitation and de-excitation terms, P † m P † m+1 and P m P m+1 , in Eq. (1). Our spectroscopic analysis allows one to extract the contribution of a manifold with any given number of excitations to the total oscillator strength. Specifically, oscillator strengths from the ground state |Φ + to higher excitation number manifolds, i.e., χ 2n+1 (weak coupling) and χ 2n (strong coupling) can be shown to possess the same linear M scaling and critical exponent −3/4 as χ 1 . Since the number of states in these manifolds is large (e.g., 19900(1313400) two(three)-excitation states for M = 200), we sum over individual transitions in a given k and E interval to obtain a linear absorption density per unit momentum transfer and energy, ρ A (k, E), which displays the key features of the multi-excitation transitions. Figure 2 shows ρ A (k, E) from ground state to the three-excitation manifold (B < 1) and two-excitation manifold (B > 1) for an array of M = 200 chromophores. Additional results and the details of the (k, E) discretization can be found in [7] .
Just as for absorption to the single-excitation manifold, the multi-excitation absorption is seen to be very different in the strong and weak coupling regimes. In the weak coupling regime (Figure 2a,b) the absorption density from the ground state, |Φ + , to three-excitation states,
|Φ − , increases with B (note the different range of the color bar scale for panels (a) and (b)). While the transitions with maximum oscillator strength are always located at k = 0 for b < 0, the maximum value of ρ A (k, E) is nevertheless located close to k = ±π as a result of the higher density of states there. At the critical point B = 1, the parity of the eigenstates of H − changes (see above) so that in the strong coupling regime transitions from |Φ + to the two-excitation manifold, G † (α 1 ) G † (α 2 ) |Φ − are now allowed (Figure 2c ). In contrast to the weak coupling regime, as B now increases beyond unity, transitions to the higher-excitation manifolds are increasingly suppressed until |Φ + → |Φ − becomes the only allowed transition and saturates the oscillator strength. Because of the asymptotic degeneracy of |Φ ± , the transition frequency further decreases to zero as M increases, implying again strong absorption and hyperradiance at arbitrarily low energies.
The exact treatment presented here shows that not only will significantly different linear spectra be found in weak and strong coupling regimes as a result of the different many-body nature of the corresponding energy eigenstates, but also that a unique linear spectral signature is associated with the quantum critical point at B = 1. Of particular note are the divergent oscillator strength at the critical point and superradiance exceeding the maximal one-photon rates, i.e., hyperradiance, found for B > 1. In this strong-coupling regime, the KMM model manifests long-range ordering of the transition dipole moments as M → ∞. (It should be noted that in d = 1 quantum fluctuations do not necessarily destroy long range order, whereas d ≥ 2 is needed to stabilize ordered states against thermal fluctuations.)
we note that excitations are formed by introducing domains of reversed polarization which result from applying pairs of local "flip" operators. Excitations are thus generated in pairs in the strong coupling regime: the fact that only even numbers are allowed here is a topological constraint imposed by the cyclic boundary conditions. While natural light harvesting systems, with electronic transition energies > 10 4 cm −1 and typical dipole-dipole interactions of order ∼ 100 cm −1 , appear generally restricted to the weak coupling regime [5] , we believe that the existence of a strong coupling region of parameter space with the spectral signatures we have described here may be a common feature of multi-chromophore systems. Both higher electronic states of neutral molecules [6] and polar molecules offer systematically larger effective interactions and consequently considerably larger values of B [18] . Further possibilities are suggested by quantum emulation of Eq. (1) using ultracold dipolar molecules trapped in the sites of an optical lattice [19] , capacitively coupled flux qubits [20] or trapped ions [21] . In particular, the strong pulse mediated alignment scheme of Ref. [19] enables controlled preparation of a chromophore array absorbing in the microwave regime with ε continuously tunable to zero, allowing emulation of the entire strong coupling regime and suggesting potential opportunities for high-efficiency detection of low energy photons.
More immediately, we note that the theoretical methods presented here provide a consistent, unifying treatment for all values of B that may be readily extended to analysis of non-linear spectroscopy for dipolecoupled chromophore arrays with arbitrary coupling strength [22] . Eq. (5) in the main text now follows using a standard theorem [1] . It can be evaluated by finding the eigenvalues of X. Since X = −X † , the spectrum of X is purely imaginary. Let Xu = iλu: then Xu * = −iλu * , where λ is real. When M is odd, λ = 0 is allowed. Since the eigenvalues with λ = 0 come in complex conjugate pairs, for odd M there will be an odd number of zero eigenvalues. Eq. (5) in the main text thus reduces to:
The completeness argument in the weak coupling regime is analogous.
TRANSITION MATRIX ELEMENTS IN THE WEAK COUPLING REGIME
In the weak coupling regime, B < 1, the matrix element
where ∆ j denotes removing the operator G (α j ) from the matrix element that follows it. The one-particle function K (α j ) is constructed by setting n = 0; then
Matrix elements of the type Φ − |G (α 2n ) . . . G (α 1 )| Φ + can be expanded using Wick's theorem analogously to Eq. (3) in the main text. However, they can also be obtained from matrix elements in the strong coupling regime by a duality argument. We introduce two 
TOTAL OSCILLATOR STRENGTH TO THE LOWEST EXCITATION MANIFOLD
By translational invariance, we have: The total oscillator strength close to the critical point B = 1 is shown in Figure 1 .
ABSORPTION DENSITIES FOR TRANSITIONS TO HIGHER EXCITATION MANIFOLDS
Absorption densities ρ A (k, E) for transitions from the KMM ground state, |Φ + , to higher excitation manifolds for values of B = 2 |b| /ε beyond those presented in the main text are shown in Figure 2 . The absorption density is defined as ρ A (k, E) = |µ n (k , E )| 2 δk −1 δE −1 , where µ n (k , E ) is a transition matrix element to a state in the
